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Heat and mass transfer in stationary binary ga~ mixtures in which 
periodic oscillations are induced i~ analytically investigated, 

S t e a d y - s t a t e  p r o b l e m s  of i s o t h e r m a l  di f fus ion and 
hea t  conduct ion i n  s t a t i o n a r y  b i n a r y  gas  m e d i a  a r e  
e x a m i n e d  and the  p r o b l e m  of hea t  and m a s s  t r a n s f e r  
with due r e g a r d  to the c o n c u r r e n t  ef fec ts  of hea t  and 
m a s s  t r a n s f e r  is Solved. The so lu t ions  p r e s e n t e d  a r e  
obta ined by the impedance  method  (the t h e o r y  of p a s -  
s ive  q u a d r i p o l e s  deve loped  by  Kovalenkov [3] and s u c -  
c e s s f u l l y  app l i ed  by Gr izodub  [1]) in an examina t ion  
of wave p r o c e s s e s  in pneumat i c  and h y d r a u l i c  s y s t e m s ,  
The  fol lowing method  of ca l cu l a t i ng  p e r i o d i c  wave 
D r o c e s s e s  of hea t  and m a s s  t r a n s f e r  o c c u r r i n g  s i m u l -  
t aneous ly  in a s i m p l e  tube p r o v i d e s  a m e a n s  of a n a l y z -  
ing h a r m o n i c  o s c i l l a t i o n s  of gas  in t h e r m a l  diffusion,  
t h e r m a l ,  and dif fus ion s y s t e m s .  

I s o t h e r m a l  m a s s  t r a n s f e r  in non reac t i ng  b i n a r y  
gas  m i x t u r e s .  The c o n s i d e r e d  d i f fus ion s y s t e m  is a 
hounded thermally insulated tube of constant c r o s s  
section with a source of mass of substance of the Ist 

kind at one end (x = 0) and a consumer of this sub- 

s t a n c e  a t  the  o t h e r  end (x = 1 ). 
We so lve  the o n e - d i m e n s i o n a l  p r o b l e m  for  the c a s e  

w h e r e  p e r i o d i c  o s c i l l a t i o n s  of concen t r a t i on  and m a s s  
fbax a r e  i m p o s e d  on the s y s t e m  ( p r o b l e m  without i n i -  
t i a l  condi t ions) ,  i . e . ,  when 

c = C exp li ( % x  + ~c)], m =  M exp [i(%~ + %)]. 

M a s s  t r a n s f e r  in a n o n r e a c t i n g  b i n a r y  gas  m i x t u r e  
is  d e s c r i b e d  hy the we l l -known equa t ions  [41 

Oc 1 

Ox p D F  

Oc 1 Om 
(1) 

Or O F O x  

w h e r e  p and D a r e  a s s u m e d  cons tant ,  
The  l a s t  two equat ions  fo r  s t e a d y - s t a t e  p e r i o d i c  

o s c i l l a t i o n s  can be put (if r = q~C ) in the fo l lowing 

f o r m :  

dC _ 1 M, 

dx p DF 

I d M  
- -  i o~ c C ~- ~ - ~  d x  (2) 

(3) 

We a s s i g n  bounda ry  condi t ions  in the fo rm 

when x = 0  C = C ~ ,  M =M0;  

when x ~ l Z~ = ~v,%1' 

w h e r e  Z/C is the end impedance  ( r e s i s t a n c e ) ,  i . e . ,  the  
to ta l  m a s s  r e s i s t a n c e  of fe red  by the rnedium to the  
p r o p a g a t i o n  of m a s s  f rom point  x = 0 to point  x = l (in 
the  g e n e r a l  e a s e  Z/C is a complex  quanti ty,  s ince  ~C ~ 

(PC)' 
The solution of Eqs. (2) has the form 

C = A ch 'ycx  § B shycX, 

1 
M = --  - -  (Ash "}c x + B ch "}c x), (4) 

Z,c 

w h e r e  A and B a r e  cons tan t s  of in tegra t ion ;  YC is the 
m a s s  p r o p a g a t i o n  cons tan t :  

/ - - -  

'/c ( 1 + ~ ) ~ /  
~0_~C 

( 5) 
= 2D 

ZxC is  the m a s s  c h a r a c t e r i s t i c  r e s i s t a n c e  ( impedance) :  

Z,~c  - - - - -  (6) 
p F}/2 ~c D 

We find the cons t an t s  of i n t eg ra t i on  f r o m  the bound-  
a r y  condi t ions  and on subs t i tu t ing  them in (4), we o b -  

ta in  

C = C~ch 7c x - -  M~ Z~c sh 7c x, 

M =  - - Y c C o s h Y c X + M o C h ~ c  x, (7) 

w h e r e  YxC is  the  m a s s  c h a r a c t e r i s t i c  a d m i t t a n c e .  
The in i t i a l  m a s s  impedance  

Zoc = Cd:VIo (8) 

can  be  r e p r e s e n t e d  e a s i l y  in the fo l lowing f o r m  by  us ing  
the t r a n s f e r  i m p e d a n c e  [1]: 

Z0c = Z~c th(y c l + kc), 

k c -- arih Z~c Y.,c (9) 

Expression (9) connects the diffusion system with its 

boundary conditions. 
Using relationships (7) and (9) we can write the 

obvious equation for the mass impedance at an arbi- 

trary point x: 

Z~ = Zxc lhl~'c ( l - -x)  + kc ]. (10) 

The va lues  of (8) and (9) f o r  the in i t i a l  m a s s  i m p e -  
dance  enabte  us to put e x p r e s s i o n  (7) in the f o r m  

C = Colch Vc x - -  cth(7c l + k c)sh Yc x], 

C = M.  Z.c [th(y c I § k c)ch Yc x - -  sh ~'c x]; ( 1 ] )  
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M = Mo[chYcX - -  th (~'c/ + kc)shu 1, 

M =CoY~c[cth(~lcl + kc ) ch Y c x - -  sh ~lcX 1. (12)  

F r o m  f o r m u l a s  (11) and (12) we can f ind the ampl i t udes  
of the o s c i l l a t i o n s  of concen t r a t i on  and m a s s  f lux at an 
a r b i t r a r y  point  x in s t e a d y - s t a t e  condi t ions .  

S t e a d y - s t a t e  hea t  conduct ion in a non reae t t ng  b i n a r y  
gas  m i x t u r e .  We c o n s i d e r  the  t h e r m a l  s y s t e m .  The 
d i f f e r e n c e  be tween  this  s y s t e m  and the d i f fus ion  s y s t e m  
c o n s i d e r e d  above  is  the  p r e s e n c e  of a hea t  sou rce  (no 
m a s s  source)  a t x =  0 and a h e a t  s ink a t x - - l .  We wil l  
so lve  the  o n e - d i m e n s i o n a l  p r o b l e m  of hea t  t r a n s f e r  
fo r  the c a s e  w h e r e  p e r i o d i c  o s c i l l a t i o n s  of t e m p e r a t u r e  
and hea t  f lux a r e  induced in the t h e r m a l  s y s t e m  (p rob -  
l e m  without in i t i a l  condi t ions) ,  i . e . ,  when 

t=Texp[ i (OrX  + ~ r ) l ,  q=Qexp[i(COrX+@r)]. 

We a s s i g n  the bounda ry  condi t ions  in the f o r m  

when x = 0 T = T O and Q = Q0; 

and at  x = l the  end impedance ,  which is  the  to ta l  
t h e r m a l  r e s i s t a n c e  o f fe red  by the m e d i u m  to the  p r o p -  
aga t ion  of hea t  f r o m  point  x = 0 to point  x = l (in the 
g e n e r a l  c a s e  the t h e r m a l  r e s i s t a n c e  i s  complex ,  s ince  

q~T ~ eT) : 
Z~ = T~/O~ �9 

The p r o p a g a t i o n  of hea t  is  d e s c r i b e d  by the w e l l -  
knovcn equat ions  [4] 

Ot 1 q '  
Ox ~ F 

Ot 1 0 q  (13) 
OT cppF Ox ' 

w h e r e  Cp, p, and ;~--the spec i f i c  heat ,  dens i ty ,  and 
t h e r m a l  conduct iv i ty ,  r e s p e c t i v e l y - - a r e  a s s u m e d  to be  
cons tan t .  

Equat ions  (13) fo r  the  p r o p a g a t i o n  of hea t  a r e  exac t ly  
ana logous  to Eqs.  (1), which d e s c r i b e  m a s s  t r a n s f e r .  
Hence,  the  so lu t ion  of Eqs.  (1) can be  used  fo r  the  s o l u -  
t ion of Eqs.  (13), s i nce  even the bounda ry  condi t ions  
f o r  the  two p r o c e s s e s  a r e  ana logous .  Then, us ing  e x -  
p r e s s i o n s  (5), (6), and (9)-(12)  we can w r i t e  

T = T O [ch Yr x _  cth (Yr I + k t ) sh YT X], 

T = Qo Zxr [th(YT t + let) ch YT x -  sh Yr xl; (14) 

Q = Qo [ch ~r x " t h  (Yr I + k t ) sh YT Xl, 

Q - T o Vxr [cth (~r l + kt) ch ~'r x - -  sh Yr x]. (15) 

H e r e  TT is  the  hea t  p r o p a g a t i o n  cons tan t :  

~r = (1 + i) l /-%cp-----f  �9 (16) 
~ ' 

ZxT = 1 /YxT is  the  c h a r a c t e r i s t i c  i m p e d a n c e ,  

1--i  
Z xr = 

] f  2~, FZc p p r r 

Z~. = Zxr th [Yr (l - -  x) + k t 1, 

k t = arth Z~. Yxr" (17) 

Thus,  in the c a s e  of s t e a d y - s t a t e  hea t  t r a n s f e r  the  
ampl i t udes  of the t e m p e r a t u r e  and hea t  f lux o s c i l l a -  
t ions  at an a r b i t r a r y  point  x can be  found f r o m  e x p r e s -  
s ions  (14) and (15). 

Heat  and �9 t r a n s f e r  in s t a t i o n a r y  non reae t i ng  
b i n a r y  gas  m i x t u r e s .  We c o n s i d e r  the m o r e  g e n e r a l  
p r o c e s s  of p ropaga t i on  of s t e a d y - s t a t e  p e r i o d i c  o s c i l -  
l a t ions  of t e m p e r a t u r e ,  concen t ra t ion ,  hea t  flux, and 
m a s s  f lux for  a m i x t u r e  of g a s e s  in the  a bsence  of 
e x t e r n a l  f o r c e s  and f r i c t i on  fo r c e s .  

The d i f f e r ence  be tween this  t h e r m a l  d i f fus ion s y s -  
t e m  and the t h e r m a l  and di f fus ion s y s t e m s  c o n s i d e r e d  
above is  that  at one end of the tube (x = 0) t h e r e  is  a 
m a s s  and hea t  source ,  and at  the o t h e r  end t h e r e  is  a 
m a s s  and hea t  sink. 

The o n e - d i m e n s i o n a l  p r o c e s s  of c o n c u r r e n t  p r o p -  
aga t ion  of hea t  and m a s s  is  d e s c r i b e d  by the d i f f e r e n -  
t i a l  equat ions  [2] 

' ( dc kr dt ) 
m = - - p D F  ,--~- + - / -  , 

dt FDP dc 
a , (18) 

q = - -  ~ F dx ~o dx 

w h e r e  P0 = ~ ' e  + p c ' ,  p, D, k T / t  , P ,  X, and a a r e  a s -  
sumed  to be  c ons t a n t s .  

We obta in  the so lu t ion  of the p r o b l e m  of p r o p a g a -  
t ion of p e r i o d i c  o s c i l l a t i o n s  in a s y s t e m  in which p e r i -  
odic o s c i l l a t i o n s  of concen t ra t ion ,  t e m p e r a t u r e ,  m a s s  
flux, and hea t  f lux a r e  induced ( p r o b l e m  without i n i -  
t l a l  condi t ions) .  

The  boundary  condi t ions  in the c o n s i d e r e d  e a s e  wil l  
be  as  fo l lows:  

w h e n x = 0 ,  T = T 0 ,  Q=Qo,  C C0, a n d M = M 0 ;  

when x = l,  ZZvc = T /Q I and Ztcr = C/M~, 

w h e r e  the  end impedance  Z/TC (when ~o T = ~bT) i s  the  
to ta l  t h e r m a l  r e s i s t a n c e  o f f e r ed  by the m e d i u m  to the  
p r o p a g a t i o n  of heat ,  inc luding  hea t  t r a n s f e r  due to the  
c onc e n t r a t i on  g rad ien t ,  and the end impedance  Z/CT 
(when ~0 C = ~C ) is  the to ta l  m a s s  r e s i s t a n c e  o f -  
f e r e d  by the med ium to the  p r o p a g a t i o n  of m a s s ,  
inc luding  m a s s  t r a n s f e r  due to the t e m p e r a t u r e  g r a -  
dient .  

F o r  s t e a d y . s t a t e  p e r i o d i c  o s c i l l a t i o n s  e x p r e s s i o n s  

(18) wi l l  take  the f o r m  (when ~C = r ~~ = ST, wC = 
= COT) 

dC ~ D r dT 
M = - -  Dc "~x dx ' 

dT __dC , (19) 
O = - -  ~r  d x  - -  ZC d x  

w h e r e  

Dc----pDF, D r = D e  k [  exp((pc--~r) ,  k r ~  k F ,  

PF a 
~c = - -  exp (~Pc - -  ~2T)" 
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We w r i t e  total  d i f fe rent ia l s  fo r  the concent ra t ion  
and t e m p e r a t u r e  functions, a s suming  c = c[m(x, r), 
q(x, ~)], t = t[m(x, ~), q(x, r)]: 

laq]m am. 

If we a s sume  that heat  propagat ion  does not affect  
the f requency  of the concent ra t ion  and m a s s  flux and, 
converse ly ,  diffusion does not affect  the frequency, of 
~ e  t e m p e r a t u r e  and heat flux, then fo r  the case  of 
s t e ady - s t a t e  per iod ic  osci l la t ions  the last  two equations 
can be put in the following fo rm:  

C C 

7" 

The complex  (C/Q)M= 0 = Ali(x ) is the ra t io  of  the :, 
ampli tude of the osc i l la t ions  of concent ra t ion  of the 
f i r s t  kind of substance,  the change of which along the 
tube is due ent i re ly  to the heat  flux (in the absence  of 
m a s s  flux), to the ampli tude of the osc i l la t ions  of this 
flux. This  re la t ionship  is c h a r a c t e r i z e d  by the Sorer 
effect  [2]. 

The value of the ampli tude of the concent ra t ion  o sc i l -  
la t ions  in the absence  of m a s s  t r a n s f e r  (M = 0) is found 
f rom expres s ion  (19) with M = 0. Then function Aii(x), 
in view of what has been said, takes  the f o r m  

~ Dr (To - -  7") + Dc Co] 
(21) 

where  T and Q a re  the ampli tudes  of  the esc i l la t ions  of 
~he gas t e m p e r a t u r e  and heat  flmx, respec t ive ly ,  at an 
a r b i t r a r y  point  in the absence  of m a s s  t r a n s f e r  (M = 0). 

To de t e rmine  the ampli tudes  T and Q we can ob-  
v ious ly  use Eqs.  (14) and (15). In view of what was said 
above, express ion  (21) can be wri t ten as  

An(x)  ( D r { l - - [ c h ? r x - - c t h ( ~ r l  + 

+,k,)  sh u x]} + DcCdr,) x 

x (DcYx  r [cth(vrl + k , ) c h y r x - -  shVrxl) "*, (22) 

where  
k~ = arth Z~c Yxr �9 

The values  of the heat  p ropaga t ion  constant  ?T and the 
c h a r a c t e r i s t i c  t he rm a l  impedance  ZxT a r e  given by 

s y s t e m  in the case  of absence  of heat  t r a n s f e r  (Q = 0), 
i . e . ,  when we a r e  jus t i f ied  in using f o r m u l a  (10) for  
the m a s s  impedance  of the diffusion s y s t e m  

where 

An (x) = Z,c th [~Ic (l " x )  + kcl, 

k c =~ arth Ztcr,Y~c . 

(23) 

Constants  TC and Zxc  a re  given exact ly by express ions  
(5) and (6). 

By s imi l a r  a rgument s  we can obtain values for  the 
o ther  two complexes :  

( Q ) M - o  = A~'(x)'= Z ~ r t h [ y T ( l - - x ) + k ' ] '  (24) 

= A2: (x) = 
Q--O 

s {1-- [chYcx-- cth (~c l + kc) shYcx}} + XrTJC 6 ' (25) 
s Yxr Icth (Vc i + kc) ch 7c x - -  sh ?c x] 

Referring to (22)-(25), we obtain from (20) 

C = An (x) Q + An (x) M, 

r = A~ (x) q + An (x) M. 

The las t  two equations and the solution of Eqs. (19) 
f o r m  a sys t em of four  equations with four  unknowns. 
The solution of this sys t em is as  follows: 

= (T  O [A u (x) a - -  x Dr ] - -  Co [A21 (x) a + x n c  ])x M 

x (N  (x) a - -  x Ix + DcA12 (x) + 

+ DrA22 (x) + ~r Azl (x) + L c Al! (x)])-I ~ 

q = ( Co [A~2 (x) a - -  x Z c] - -  To [A~ (x) a + x ST1 )., :: 

x ( N  (x) a - -  x [x + DcAI~ (x) + 

+ D r A2~ (x) + ~'r A~I (x) -q- ~'c All (x)])- i, 

C = A n (x) Q + A,~ (x) M, 

T = A21 (x)Q + A~ (x)34, (26) 

a =  D c k r - - s  r, 

N (x) = A~ (x) A~ (x) - -  AI~ (x) A22 (x). 

the ampli tudes  of the osc i l la t ions  of the heat  

where  

Thus, 

and mass fluxes and the amplitudes of the concentra- 

tion and temperature oscillations at an arbitrary point 
x of the thermal diffusion system are given by expres- 

sions (26), in which the functions are found f~'om 

formulas (22)-(25). 

Example. Find the distribution of the amplitude of 

the oscillations of carbon dioxide concentration in a 

binary mixture of CO 2 and NO 2 of the diffusion system 

considered at the beginning of this paper, if the known 
values are: C O = 0.8, p = 1 kg/m 3, F = 10 -4m 2, l = 

= 0~ m, Z / = 7 .  106 s ec /kg ,  D = 9 .6 .  10 -6 m2 / sec ,  

co C = 0.192" 10 ~'2 Hz .  
Solution. Substituting the known values  of the p r o b -  

lem in e x p r e s s i o n s  (5) and (6) and us ing the tables  f o r  h y -  
�9 pe rbo l i c  functions we calcula te  the propaga t ion  constant  

/'6~.192.10 -~ 
? c = = ( l + i )  V 2"9"6'10-6 = 1 0 ( I + 0  l /m, 

the characteristic impedance 

l--i 

Zxc "- ~F2-~.6" 10_~ ' I. 10-s. 0.192 �9 I0 -~ = 

5.2.107 (I-- 0!sec/kg, 
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the  quant i ty  

cth (~cl + kc) = c t h [ 1 0 ( l +  i).0.6 + 

1 + arth 7. l0 s ~ 1. 
5.2. IO T (1 - -  i) 

Then the f i r s t  e x p r e s s i o n  of r e l a t i o n s h i p  (11) can be 
put  in the  fo l lowing  fo rm:  

C = 0.8 [ch 10(1+ i ) x - -  1.sh i0(I  + i )  x] = 

--- 0.8 exp(--lOx)(cos lOx + sin lOx). 

F o r  ins tance ,  fo r  x = 0.1 m, C = 0.272. 

NOTATION 

c and C a r e  the  concen t r a t i on  and amp l i t ude  of con -  
c e n t r a t i o n  o s c i l l a t i o n s ,  r e s p e c t i v e l y ,  of 1s t  kind of gas ;  
m and M a r e  the  m a s s  f lux and amp l i t ude  of m a s s  
f lux o s c i l l a t i o n s  fo r  1s t  kind of gas ;  t and T a r e  the  
t e m p e r a t u r e  of m i x t u r e  and amp l i t ude  of t e m p e r a t u r e  
o s c i l l a t i o n s  ; q and Q a r e  the hea t  f lux and ampl i tude  of 
hea t  f lux o sc i l l a t i ons ;  P i s  the  p r e s s u r e ;  p i s  the den-  
s i ty;  X is  the t h e r m a l  conduct iv i ty ;  Cp is  the  spec i f i c  
heat ;  D is the d i f fus ion coeff ic ient ;  !k T i s  the  t h e r m a l  
d i f fus ion  coeff ic ient ;  a is  the t h e r m a l  d i f fus ion  f ac to r ;  

and p '  a r e  the m o l e c u l a r  weights  of 1st  and 2nd k inds  
of gas ;  c '  i s  the concen t r a t i on  of 2nd k inds  of gas ;  w T 
is  the f r equency  of o s c i l l a t i o n s  of t e m p e r a t u r e  and 
hea t  f lux; w C is  the f r equency  of o s c i l l a t i o n s  of con -  
cen t r a t i on  and m a s s  flux; CT and q~T a r e  the in i t i a l  
p h a s e s  fo r  hea t  f lux and t e m p e r a t u r e ;  r and 9C a r e  
the in i t i a l  p h a s e s  fo r  m a s s  f lux and concen t r a t i on ;  F 
i s  the c r o s s - s e c t i o n a l  a r e a ;  x is  the coo rd ina t e ;  v is  
t i m e ;  i ( 1 )  1/~ 
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